Recently, it was experimentally realized that 2D superconducting transition metal dichalcogenides (TMD) such as gated MoS2 and monolayer NbSe2 have in-plane upper critical magnetic fields much higher than the Pauli limit. This is due to the so-called Ising spin-orbit coupling (SOC) of TMD which pins the electron spins along the out-of-plane directions and protects the Cooper pairs from in-plane magnetic fields. However, many TMD materials with extremely large Ising SOC, in the order of a few hundred meV, are not superconducting. In this work, we show that TMD materials can induce strong Ising SOC on ordinary s-wave superconductors through proximity effect. By solving the self-consistent gap equation of the TMD/superconductor heterostructure, we found that the Hc2 of the s-wave superconductor can be strongly enhanced. Importantly, when the in-plane field is larger than the Pauli limit field and weaker than Hc2, the heterostructure becomes a nodal topological superconductor which supports Majorana flat bands.
Introduction-Recently, the study of monolayer transition metal dichalcogenides (TMDs) has attracted much attention [1] [2] [3] because of their two dimensionality [4] [5] [6] [7] [8] , valley degrees of freedom [9] [10] [11] [12] [13] [14] , Berry curvature physics [15] [16] [17] , and strong spin-orbit coupling (SOC) [16] [17] [18] [19] [20] [21] [22] [23] . Particularly, the strong SOC in the system is due to the breaking of in-plane mirror symmetry of the lattice structure and this strong SOC acts as an effective Zeeman field and polarizes the electron spins along the out-of-plane directions [16] [17] [18] [19] [20] [21] [22] [23] . Moreover, time-reversal symmetry dictates that the effective Zeeman fields at opposite valleys have opposite directions. Since the SOC pins electron spins along the z directions only, we call it the Ising SOC to distinguish it from the Rashba SOC which originates from breaking out-of-plane mirror symmetry and pins electron spins to in-plane directions. Importantly, in many TMD materials, the strength of the spin splitting due to Ising SOC near the ±K points is very strong [16] [17] [18] [19] [20] [21] [22] [23] . For example, in WS 2 , WSe 2 , and WTe 2 , the spin-orbit splitting exceeding 400 meV near the K-points of the top valence bands [18] [19] [20] [21] . In the non-superconducting regime, several interesting phenomena related to this Ising SOC have been studied intensively in recent years [1] [2] [3] .
On the other hand, the experimental study of the superconducting properties of mono and few layer TMDs have only started recently but interesting phenomena such as Ising superconductivity [24] [25] [26] and a quantum metal phase have been found [27] . Particularly, superconducting properties of gated MoS 2 and few layer NbSe 2 have been investigated [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] . Unlike conventional swave superconductors in which superconductivity can be destroyed by magnetic fields stronger than the Pauli limit field (H P = 1.86T c ) through Zeeman effects [37, 38] , the in-plane upper critical fields H c2 of mono and few layer TMD materials can be several times stronger than the Pauli limit [24] [25] [26] . As explained recently, this robustness against the in-plane magnetic field can be explained by their two dimensionality and the Ising SOC [24] [25] [26] 39] . First of all, the two dimensional nature of the atomically thin films strongly suppresses the orbital effect. Secondly, the strong pinning of the Cooper pair spins along the out-of-plane directions makes them robust against the Zeeman effects of in-plane magnetic fields.
Indeed, the Ising SOC splittings at the Fermi energy in gated MoS 2 and monolayer NbSe 2 are about 10meV and 30meV respectively. This is already sufficient to enhance H c2 to several times higher than H P [24] [25] [26] 39] . As mentioned above, many TMD materials such as W based TMDs have exceedingly large Ising SOC but they are not superconducting. The question is: Can we make use of these materials to create superconductors with strongly enhanced H c2 ?
In this work, we show that when a conventional s-wave superconductor is in proximity to a TMD material, the TMD material can induce Ising SOC on the s-wave superconductor similar to the case of graphene on TMD materials [40] . By solving the self-consistent gap equations, we show that even though the T c of the superconductor can be reduced due to inverse proximity effect, H c2 can be strongly enhanced to several times above the Pauli limit. We demonstrate that this TMD/superconductor heterostructure can be used to create a nodal topological superconductor with a large number of zero energy Majorana modes residing on the edges of the superconductor.
The rest of the paper is organized as follows. First, we explain how Ising SOC can be induced on a conventional s-wave superconductor by a TMD material through proximity effect. Second, by solving the self-consistent gap equation of the heterostructure, we show that the H c2 of the superconductor is strongly enhanced. Third, we point out that, when the applied in-plane field is higher than the Pauli limit and lower than H c2 , the system is in a nodal topological phase which supports Majorana flat bands. 
where σ z is the Pauli matrix for the spin space, and C (k) and S (k) are defined as
This Hamiltonian preserves C 3v symmetry, out-of-plane mirror symmetry and time-reversal symmetry. However, the in-plane mirror symmetry is broken and results in the second term of Eq.1 which is the Ising SOC term. S (k) is an odd function of k and this Ising SOC pins the electron spins in the opposite out-of-plane directions for electrons with opposite momenta. In the presence of an in-plane magnetic field in the x-direction, a term V x σ x = 2µ B H x σ x is added to the Hamiltonian where µ B is the Bohr magneton. It is noted that the spin splitting at the ±K points is 3 √ 3β SO in our model. The band structure of the Hamiltonian is depicted in Fig.1a (blue and red curves). The Fermi surfaces near the K points are depicted in Fig.1b (blue and red curves). Due to the large SOC of the TMD, we can assume only a single spin band crosses the Fermi energy as in the cases of some W-based TMDs. As depicted in Fig.1b , the Fermi surfaces at opposite K points are depicted in different colors to emphasize the fact that the spin polarizations at opposite valleys have opposite signs.
To study the heterostructure formed by a TMD and a conventional s-wave superconductor, we assume that the s-wave superconductor has a simple Fermi surface enclosing the Γ point as depicted in Fig.1a and Fig.1b  (the green lines) . In the basis of [s k↑ , s k↓ , s † −k↑ , s † −k↓ ], the BdG Hamiltonian of the superconductor can be written as:
Here, τ i are Pauli matrices acting on particle-hole basis and the V x is caused by an in-plane magnetic field in the x-direction. Then, we consider the coupling of the TMD and the superconductor by turning on the spinindependent hopping terms Γc † k s k + h.c.. With the coupling terms, the Green's function of the superconductor is Here, Σ is the self-energy contribution to the Green function due to the TMD. At ω = 0, the effective Hamiltonian of the superconductor becomes H eff = H BdG + Σ(ω = 0). It is straight-forward to show that H eff acquires an Ising SOC term 2β soS (k)σ z due to the coupling between the superconductor and the TMD, where
To study the effect of the induced Ising SOC terms, we first study the normal state property of the heterostructure by setting ∆ = 0. By assuming the coupling strength to be Γ = 0.5 and using the retarded Green's function G R BdG , we can calculate the spin up and spin down density of states ρ ↑ and ρ ↓ where:
With ρ ↑ and ρ ↓ , we can define the total density of states ρ 0 = ρ ↑ +ρ ↓ and the net spin density of state ρ 3 = ρ ↑ −ρ ↓ at the Fermi surface. The density of states ρ 0 and ρ 3 are illustrated in Fig.2a  and Fig.2b respectively. It is important to note that, at the Fermi energy, the superconductor acquires non-zero net spin density of state due to the effective Ising SOC terms induced on the superconductor by the TMD. The maximal amplitude of ρ 3 is in the order of the ρ 0 which indicates that Ising SOC can be effectively induced on the superconductor film even though there is momentum mismatch between the superconductor and the TMD Fermi surfaces.
Due to time-reversal symmetry, the net spin polarization ρ 3 has opposite signs at opposite K-points as shown in Fig.2b . It is interesting to note that the Ising SOC vanishes along the Γ-M lines in the Brillouin zone due to the point group symmetries of the TMD material. Along the Γ-M line, the spin-up and spin-down states are degenerate. However, this degeneracy can be lifted by an in-plane magnetic field. As we will show below, this property is important in making the heterostructure a nodal topological superconductor with Majorana flat bands.
Enhancement of H c2 -In this section, we calculate the superconducting phase diagram of the superconductor/TMD heterostructure by solving the self-consistent mean field equation. As shown in Fig.2b , the electron spins are pinned to the out-of-plane directions by Ising SOC. Therefore, in-plane magnetic fields are not effective in aligning the electron spins to the in-plane direction and we expect that the in-plane H c2 is strongly enhanced as in the case of intrinsically superconducting thin films [24] [25] [26] . To perform a self-consistent calculation, we replace the pairing terms in the H BdG of the superconductor in Eq.3 by interaction terms of the form −v kq s † k↑ s † −k↓ s q↑ s −q↓ where v a positive number. Together with the H TMD in Eq.1 and the coupling between the TMD and the superconductor, the standard self-consistent gap equations of the heterostructure is:
From the gap equation, we can calculate the critical field H c2 at which the pairing potential ∆ vanishes as a function of temperature. The resulting H c2 for various coupling strength Γ is illustrated in Fig.3 . The temperature and the magnetic field are normalized by the critical temperature T c at zero field and the Pauli limit H P at zero temperature for the monolayer superconductor. The line with Γ = 0 depicts the case where the superconductor is decoupled from the TMD, and H c2 is limited by the Pauli limit H P as expected. It is important to note that, at zero magnetic field, the superconducting transition temperature T c decreases as Γ increases due to inverse proximity effect. However, even though T c is decreased, the inplane H c2 is strongly enhanced and can go beyond the Pauli limit field. This enhancement of H c2 is due to the induced SOC from the TMD [24] [25] [26] .
To understand the evolution of ∆ under in-plane magnetic fields, we calculate ∆/∆ 0 as a function of magnetic field and temperature where ∆ 0 is the pairing potential at zero temperature and zero magnetic field. The results are depicted in Fig.3b and Fig.3c . At low temperatures, magnetic field can drive the superconductor to metal through first order phase transition. However, when the superconducting thin film is coupled to the TMD, the Ising SOC changes the first order transition to second order and H c2 is strongly enhanced. Hence, we predict that the H c2 of a conventional s-wave superconductor can be enhanced when it is coupled to a TMD thin film. This is one of the important findings of this work.
Nodal topological superconductor-In the above section, we solved the self-consistent gap equation of the heterostructure and found that the H c2 of the heterostructure can go beyond the Pauli limit. The next question is, what happens when the applied magnetic field is beyond the Pauli limit but smaller than H c2 ? In this section, we show that the applied in-plane magnetic field can drive the heterostructure into a nodal topological superconducting phase through a topological phase transition similar to the case of intrinsic Ising superconductors [39] .
To further understand the effect of the in-plane magnetic field, we plot the energy spectrum of a strip of TMD/superconductor heterostructure which has open boundary conditions in the x-direction and periodic boundary conditions in the y-direction. When the inplane magnetic field is smaller than the Pauli limit, the superconductor remains fully gapped as shown in Fig.4a . When the applied in-plane magnetic field is larger than the pairing gap energy, the bulk superconducting gap is closed and nodal points emerge as shown in Fig.4b . Importantly, the nodal points are connected by Majorana flat bands, similar to the case of Weyl points being connected by surface Fermi arcs in Weyl semimetals.
To understand the origin of the nodal points and the Majorana flat band, we integrate out the TMD and derive the effective Hamiltonian of the superconducting thin film. In the basis of [s k↑ , s k↓ , s † −k↑ , s † −k↓ ] and in the presence of an in-plane magnetic field V x , the effective Hamiltonian of the superconductor can be written as:
Even though time-reversal symmetry is broken by the magnetic field V x , the H eff satisfy a 1D time-reversal like symmetry T 1D H eff (k x , k y )T −1 1D = H eff (−k x , k y ) and a 1D particle-hole like symmetry P 1D H eff (k x , k y )P
Here, K is the complex conjugate operator. As a result, H eff satisfies a chiral symmetry CH eff (k x , k y )C −1 = −H eff (k x , k y ) where C = σ x τ y . Therefore, for a fixed k y , the Hamiltonian H eff (k x , k y ) = H ky (k x ) is in the BDI class according to the AltlandZirnbauer classification [42] [43] [44] [45] .
In the absence of external magnetic fields, H ky (k x ) is fully gapped and the system is topologically trivial for all k y . However, when the in-plane magnetic field satisfies the condition V x > ∆, the system becomes topologically non-trivial for a range of k y . At the critical values of k y which separates the topologically trivial and non-trivial regimes, the bulk gap has to close due to the topological phase transition and the nodal points emerge. The nodal points are connected by Majorana flat bands. As shown previously, these Majorana modes can induced selective equal spin Andreev reflections which can be used to generate spin polarized currents [46, 47] . We believe the TMD/superconductor heterostructure can open a way to realize nodal topological superconductors and may have applications in superconducting spintronics [48, 49] .
Conclusion and Discussion-It is important to note that the proposed superconductor/TMD heterostructure has very important advantages for study- ing Ising superconductivity. First, one can use many non-superconducting TMD materials with strong SOC to study Ising superconductivity. Second, one can study the effects of Ising SOC on superconducting thin films with higher T c and even with unconventional pairings. The resulting heterostructure with strong Ising SOC can be used to realize Majorana fermions at higher temperatures and have applications in superconducting spintronics. Acknowledgements-RW was supported by Grantin-Aid for JSPS Fellows.
KTL thanks the support of HKRGC and Croucher Foundation through HKUST3/CRF/13G, 602813, 605512, 16303014 and Croucher Innovation Grant.
